We study the level sets of the distance function from a boundary point of a convex set in Euclidean space. We provide a lower bound for the range of connectivity of the level sets, in terms of the critical points of the distance function in the sense of Grove-Shiohama-Gromov-Cheeger.
Introduction
Critical point theory for non-smooth functions such as the distance function from a point in a Riemannian manifold was developed by Grove and Shiohama [3] , Gromov [2] , and Cheeger [1] (see also [4] ).
We will exploit this notion of criticality to derive an optimal lower bound for the connectivity radius at a boundary point of a convex set in Euclidean space in terms of the least critical distance. The connectedness of the level sets is a question posed at MO. 1 We apply the techniques along the lines of Grove-Shiohama-Gromov-Cheeger, to develop a kind of Morse theory to provide an optimal answer. Here the answer is optimal in the sense that it is easy to give nontrivial cases where the bound is optimal.
Connectivity radius and critical distance
Let K ⊆ R n be a closed convex set of dimension at least 2. Consider a boundary point O ∈ ∂K. Let S r (O) ⊆ R n be the sphere of radius r > 0 centered at O. (2) the affine hyperplane through P orthogonal to OP is a supporting hyperplane for K. The lower bound provided by the theorem is nontrivial due to the following lemma. Proof. If P 1 and P 2 are critical points with angle ∡P 1 OP 2 ≤ π 3 then by the Pythagorean Theorem we have |OP 1 | |OP 2 | ≤ 2. Suppose (P i ) is a sequence of critical points tending to O. Passing to a subsequence if necessary, we can assume that |OP i | |OP i+1 | > 2 for each i. Then ∡P i OP j > π 3 whenever i < j. But the sphere of directions at O can only contain finitely many directions such that all pairwise angles are greater than π 3 . The contradiction shows that the critical points must be bounded away from O.
The results
We first illustrate the theorem by considering the case n = 2. We will exploit Lemma 3.5 to prove our main theorem.
Proof of Theorem 3.1. The case when K is 2-dimensional was treated in Lemma 3.4. We now treat the general case n ≥ 2. Let
Suppose K r is not connected. We will show that r > LCD(O).
Consider a pair of distinct connected components X, Y of K r . We identify O with the origin and choose rays R + x, R + y meeting X and Y respectively. Let β ≤ r be the infimum of radii s ≤ r such that the connected components of the points x s = R + x ∩ K s and y s = R + y ∩ K s are still distinct. Since dim K ≥ 2, a path in K connecting the two rays can be chosen to avoid the point O and then pulled in radially to the level containing a point of the path nearest O. Hence β > 0.
Let us show that points x β and y β are in the same connected component of K β . Suppose otherwise. Then there are disjoint open sets U, V ⊆ R n such that x β ∈ U, y β ∈ V , and K β ⊆ U ∪ V . Let ǫ n = 1 n . Since K is star-shaped at O and closed, the intersections K β−ǫn ∩ U and K β−ǫn ∩ V are still non-empty for sufficiently large n. By definition of β, the points x β−ǫn and y β−ǫn are in the same connected component of K β−ǫn . Therefore there exists a point z n ∈ K β−ǫn such that z n ∈ U ∪ V . Passing to a subsequence if necessary we can assume that (z n ) converges. Let z = lim n→∞ z n . By compactness of K, we have z ∈ K β . On the other hand by construction z ∈ U ∪ V . This contradicts the fact that K β ⊆ U ∪ V . The contradiction proves that K β is connected.
If the connected level set K β did not contain any O-critical point, we could use the flow generated by the vector field of Lemma 3.5 to push it out into a level K r+ǫ for ǫ > 0, contradicting the minimality of β. Hence K β must contain a critical point, and thus r > β ≥ LCD(O), proving the theorem.
